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We study a prototype in which a particle is moving in a one-dimensional lattice 
whose sites are occupied by scatterers with the following properties: (i) the 
state of each site is defined by its spin (either up or down); (ii) the particle 
arriving at a site is scattered forward (backward) i f the spin is up (down); 
and (iii) the state of the site is modified by the passage of the particle. This 
model was originally proposed by Boon with an open-ended lattice. Because 
of the simplicity of the dynamics, the model can be solved analytically: the 
particle can propagate in a particular direction regardless of the spin state of 
the medium and its average propagation velocity is given by (v) = 1/(3 
where Pup is the probability for each site being init ial ly spin up. Moreover, all 
the spins are in the state opposite to their init ial states wi th one lattice site 
shift in the direction opposite to the propagation direction after the passage 
of the particle through the lattice. 
Boon proposed that the results in the open-ended lattice can be readily 
extended to the periodic one, i.e. (^；) = (1/2)(1/(3 - + 1 / ( 3 - 2(1 - p . ^ ) ) ) 
because all the spins are flipped upon the passage of the particle. We extend 
the consideration to periodic boundary conditions, i.e. by identifying the first 
and the last sites of the chain and find that Boon's results indeed are not 
correct. We find that (v) fluctuates about 1/2 and becomes 1/2 every Tp units 
of time and the init ial spin configuration wi l l be restored after 7； units of time, 
where Tp and 7； depend on the number of lattice sites n. Furthermore, we 
reduce the problem of an n-site periodic lattice into that of a corresponding 
i 
(2n—l)-site one-dimensional lattice whose first half sites have a probability Pup 
of being init ial ly spin up while the last half sites have a probability (1 - p^p) 
of being init ial ly spin up (except for the first site). In this thesis, we wi l l 



















旋的槪率是（ l -JV) °在這論文中，我們將硏究這兩個模型的特性° 
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Anomalous diffusion of a particle in a random medium has been a well studied 
topic in condensed matter physics. The most striking behavior in the particle 
dynamics is observed when the passage of the particle modifies the state of the 
visited sites. The investigation of the interaction can naturally be extended to 
many-particle systems. 
In practice, the proposed models are related to real systems. The one-
dimensional model can be shown to be an analogue to a Turing machine [1]. 
The particle acts as the controller which reads the input string of the tape, i.e. 
the spin state of the lattice, and performs the appropriate operations based 
on the propagation rules. In human body, Adenosine triphosphate (ATP) 
is a liable chemical compound in all cells, which contains phosphate radicals 
connecting with the reminder of the molecule by high-energy P-P bonds. After 
the loss of one phosphate radical from ATP, the compound becomes adenosine 
diphosphate (ADP) and inorganic phosphate (Pi) and this process liberates 
energy for all physiological mechanisms in our bodies. In turn, the food in 
the cells is gradually oxidized, and the released energy is used to re-form ATP 
from ADP by combining ADP with Pi in various coupled reactions. The entire 
process continues over and over again. This can be simplified as our periodic 
model. The state of the spin represents either ATP or ADP, the particle can 
be regarded as Pi which helps in the conversion between ATP and ADP. 
1 
1 Introduction 2 
In next two chapters, we present the characteristics of the one-dimensional 
lattice and give the analysis in the model. In chapter 4, we show that the 
simulation results do give an excellent agreement w i th the analytic solutions. 
In chapter 5，we give an introduction of our periodic model. Some special 
characteristics indeed are quite similar to those in one-dimensional model. We 
use some of the results in one-dimensional model to work out the probabil i ty 
functions of our model in chapter 6. Finally, numerical results w i l l be shown 




Recently Boon and his coworkers [1] showed that a signal can propagate in 
a particular direction through a model of random medium regardless of the 
precise state of the medium. In this chapter, we give an introduction on the 
proposed one-dimensional open-ended model. 
2.1 Propagat ion rules 
Boon and his coworkers considered a prototype in which a particle moves 
in a one-dimensional lattice whose sites are occupied by scatterers wi th the 
following properties: 
1. the state of each site is either spin up or down; 
2. the particle arriving a site is scattered forward (backward) i f its state is 
spin up (down); and 
3. upon arriving, the particle changes the state of the site from spin up 
(down) to down (up). 
To illustrate the idea better, let us consider a one-dimensional lattice wi th 
equal length I = 1 between successive sites whose states are either spin up or 
3 
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spin down, as shown in figure 2.1. A particle which in i t ia l ly leaves the first 
lattice site w i th a speed to the right is moving in the lattice. The position r 
of the particle at any time t can be obtained by 
+ (2.1) 
where v is the instantaneous velocity of the particle and is positive (negative) 
when the particle is moving to the right (left), and At is the t ime interval 
between two successive movements of the particle and is equal to one in the 
proposed model. 
In figure 2.1, the particle is ini t ia l ly located at the first site (i.e. r = 1) 
wi th V = 1. A t t = 1, i t reaches the second site and flips its spin state from up 
to down immediately. The original spin up state enables i t to continue moving 
w i th original velocity (i.e. v = 1). At t = 2, however, when i t arrives at the 
th i rd site (i.e. r = 3) whose state is spin down, its moving direction is reversed 
(i.e. V = —1). Before i t leaves, i t also flips the spin state to up. At t = 3, 
i t changes the spin state of the second site to up and its velocity is reversed 
(i.e. v = l) again. The particle is going on moving w i th the same mechanism. 
Using equation 2.1, the position of the particle at different times is given by: 
r{t = 1) = = 0) + = 0) = 1 + 1 = 2, 
rit = 2)=r{t = l ) + v { t = l ) = 2 + l = 3, 
r(t = S) = r{t = 2) -h v{t = 2) = 3 - 1 = 2, ’ 
which are the same as those in figure 2.1. 
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Figure 2.1: Time evolution of spin configuration of an open-ended lattice in which 
a particle is moving. The open circle represents spin up, the black dot represents 
spin down, the triangle pointing to the left represents particle moving to the left, 
the triangle pointing to the right represents particle moving to the right. 
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2.2 Propagat ion veloci ty 
By obeying such propagation rules, the particle wi l l always spend one unit 
of t ime on each site of spin up and three units of t ime on each site of spin 
down. In figure 2.1，the particle is immediately scattered forward to the next 
site when arriving at the second site {t = 1) and the forth site {t = 5) which 
are ini t ia l ly spin up. Nevertheless, upon arriving at the th i rd site {t = 2) and 
the f i f th site {t = 6) which are ini t ial ly spin down, the particle is scattered 
backward-forward-forward before going to the next site. That means i t takes 
one unit of t ime to move from a site of in i t ia l ly spin up towards its neighbour, 
but three units of t ime to leave a site of in i t ia l ly spin down and arrive at its 
neighbour. Therefore, we are always able to find the t ime needed Ti j for a 
particle to travel from the i仇 site to the 产 site in the lattice (provided that 
the particle is leaving the 产 site and moving towards the ( j + 1)认 site for 
i < j ) by 
Tij = Nup + 3(iV - N^p) = 3N- 2N邵, (2.2) 
where N is the number of sites from {i + 1)认 to 产 sites, and N^p is the number 
of sites of spin up among the N sites. The propagation velocity of the particle 
Vij during this journey is then given by 
— 邑 - Nl _ I 
' ' ' ' 3 i V - 2Nup = 3 - 2 令， (2.3) 
which is directly proportional to the number of sites w i th spin up but is inde-
pendent of the in i t ia l spin configuration. 
For example, we consider the movement of the particle in the latt ice in 
figure 2.1. The particle takes eight units of t ime to move from the first to the 
fifth sites and starts going to the sixth one. The average velocity over all the 
eight t ime steps is i+ i+ ( - i )+ i+ i+ i+ ( - i )+ i = We have / = 1, iV = 4 and 
2.3 Propagation direction 7 
Nup = 2 in this example, using equations 2.2 and 2.3, 
Ti5 = 3 X 4 - 2 X 2 = 8, and Vi^ = — — - 斤 = i , 
3 — 2 x 4 2, 
4 
which are consistent wi th what figure 2.1 shows. 
2.3 Propagat ion d i rec t ion 
Based on these propagation rules, wi l l the particle be trapped in certain sites? 
The answer is definitely no. The proposed propagation rules indeed enable 
the particle to propagate along a particular direction. In this section, we give 
examples to show that the particle wi l l move either to the right or to the left, 
which means that the particle wi l l be infinitely away from its in i t ia l position 
as t ime goes to infinity. Moreover, its propagation direction depends only on 
the in i t ia l spin state of the site at which the particle is in i t ia l ly located and 
that of its neighbouring site. 
Consider the five lattices wi th different in i t ia l spin configurations in figure 
2.2. At t = 0, a particle is located at the site w i th i； = 1 in each lattice. 
Let us first take a look at (a) and (b) in which the states of the i仇 sites 
are in i t ia l ly spin down. The difference between (a) and (b) is their in i t ia l spin 
states of the {i + 1 广 site which is up in (a) but down in (b). This results in 
Tii+i = 1 in (a) and Ta^i = 3 in (b) but the particles in both lattices wi l l 
eventually leave the i《“site and move to the (i + 1)仇 site. We can repeat the 
same analysis for the (i + 1 广 site and find that the particles w i l l u l t imately 
leave the ( i + 1 严 site and goto to the (i + 2产 site, and so on. Hence, the 
overall propagation direction of the particle is to the right. 
Next, we consider the lattices in (c), (d) and (e) of which the i仇 sites are 
in i t ia l ly spin up. The difference in spin states of the {i + 1)认 sites of the three 
lattices makes the overall propagation directions of the particles different. In 
(c)，the spin state of the ( i + 1)认 site is up which enables the particle to move 
2.3 Propagation direction 8 
wi th its in i t ia l velocity. A t ^ = 1, the particle is in the same situation as the 
particles in (a) and (b). Then we can say that the overall propagation direction 
of the particle in (c) is also to the right. 
On the other hand, the spin states of the {i + 1)认 sites in (d) and (e) are 
down, which eventually makes the particle move to the (z — 1)仇 site. When 
the particles in these two lattices are located at the (i — i f ^ site w i th v = - 1 , 
their situations are similar to those in (a) and (b) but w i th an opposite moving 
direction. Consequently, the overall propagation direction of the particles in 
these two lattices is to the left. The same argument can be made when the 
particle has an in i t ia l f = —1 as shown in figure 2.3. 
We can conclude that the overall propagation direction of the particle wi l l 
be: 
1. the opposite of the ini t ia l direction i f the in i t ia l spin state of r{t = 0) is 
up and that of r{t = 1) is down; and 
2. the same as the ini t ia l direction in all other cases. 
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Figure 2.2: Particle with an initial velocity v = 1 is moving in lattices of different 
initial spin configurations. The overall propagation direction in (a), (b) and (c) is 
to the right while that in (d) and (e) is to the left. Same symbolic notation as figure 
2.1. 
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Figure 2.3: Similar to figure 2.2 but v = - 1 . The overall propagation direction in 
(a), (b) and (c) is to the left while that in (d) and (e) is to the right. Same symbolic 
notation as figure 2.1. 
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2.4 N u m b e r of visi ts 
Having the spin state of the first site down, we present all the possible in i t ia l 
configurations of a lattice of three sites in figure 2.4. The particle in each 
lattice is located at the first site wi th = 1 at 亡 = 0 . As proved in previous 
section, the propagation direction of the particles in the four lattices should be 
to the right because the ini t ia l state of the first site is spin down. Finally the 
particles wi l l leave the last site and wi l l not go back to the second one again. 
In (a), the particle is immediately scattered forward by the second and the 
last sites (both are spin up) at 力 = 1 and at t = 2 respectively. In (b), the 
last site is spin down which makes the particle go back to the second site at 
t = 3. Hence, the particle has visited the second site twice throughout the 
whole journey. In (c), the second site is spin down which enables the particle 
to visit i t twice before arriving at the last site. Since the last site is spin up, i t 
w i l l never go back to the second site again after its second visit to the second 
site. In (d), both the second and the last sites are spin down which makes the 
particle move backward after the first visit to these sites. Besides visit ing the 
second site twice before moving to the last site, the particle goes back to the 
second site after its first visit to the last site. Afterwards, i t never goes back 
to the second site and the total number of visits to the second site is therefore 
three. 
From the study of the second site, we find that the particle only visits each 
site at most three times during its propagation along the lattice. As a result, 
we can reach a conclusion that the particle wi l l visit a site 
1. once i f both that site and its neighbour are spin up; 
2. twice i f only one, either that site or its neighbour, is spin up; and 
3. three times i f both that site and its neighbour are spin down. 
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(a) (b) 
t = 0 # 0 0 t = 0 S 〇 • 
> [> 
t = 1參 • 〇 t = 1 • • 眷 
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t = i • 8 〇 t = i 參 S 書 
t=2 O O O t=2 g • 參 
t=3 O • O t=3 〇 • 參 
t=4 〇 參 • t=4 O • 6 
1 2 3 
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Figure 2.4: Particles moving in one-dimensional three-site lattices. In each case the 
particle visits each lattice site no more than three times. Same symbolic notation 
as figure 2.1. 
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2.5 Lat t i ce pa t te rn 
By comparing the ini t ia l and final patterns of any one-dimensional open-ended 
lattice after the passage of the particle through the lattice (see figure 2.5), we 
can find that 
1. the spin of the last visited site is always down; and 
2. the spins of all the remaining visited sites (those which have been visited 
and wi l l not be visited again by the particle) are in a state opposite to 
their in i t ia l states wi th one lattice site shift in the direction opposite to 
the propagation direction, ( i = 6) 
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Figure 2.5: Change of spin configuration of a lattice after the passage of the particle. 
Lattice pattern is flipped to the right with one site shift. Same symbolic notation 
as figure 2.1. 
Chapter 3 
Statistical Behaviour of 
One-dimensional Open-ended 
Lattice 
In this chapter, we wi l l discuss the statistical behaviour of the proposed model. 
We use the method of generating function to work out an expression of the 
probability function of the first visit of the particle to any lattice site. We also 
present the detailed mathematical analysis [1] of the long-time large-distance 
behaviour of the model. 
3.1 P robab i l i t y func t ion of f i rst v is i t 
Suppose a particle located at the zeroth site wi th ？; = 1 is moving in the 
lattice unti l i t arrives a site of spin down. Let k be the number of sites i t 
visits (excluding the one at which i t is init ial ly located) unt i l this happens, so 
k - l i s the number of sites before the first spin down. Hence, the generating 
15 
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= 子 (3.1) 
〜 k=l 
1 一 PupZ , 
where p邵 is the probabil i ty for a lattice site being in i t ia l ly spin up. 
Let j be the total number of visited sites (excluding the one at which i t is 
in i t ia l ly located) unt i l the n仇 spin down and is given by 
j = + k2 + ……-hkn, (3.2) 
where kn means the n认 spin down. The k,s are independent and each has the 
same generating function g(z) as equation 3.1. Hence, the generating function 
for equation 3.2 is given by g(^zy\ and this can be expanded into a power series 
using the binomial series [3]: 
" ⑷ n = I" (1 - 〜 ) : ] " 
L 1 - PupZ _ 
00 
k=Q 
oo ( 3 . 3 ) 




Next，we use equation 2.2 to find the t ime needed for the particle to reach 
the nth spin down. However, two units of t ime have to be deducted to obtain 
the t ime needed t for the particle to visit the n}^ spin down for the first t ime 
(i.e. the particle is going to move back to the ( j - 1)仇 site at this moment 
because of the spin down state at the j仇 site). Hence, 
t = 3 j - 2 ( j - n ) - 2 = j - \ - 2 { n - l ) , (3.4) 
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which is then substituted into equation 3.3 to yield 
oo 
夕 ⑷ " = E j - 〜 ( 1 - P 邵 ( 3 . 5 ) 
Hence the probabil i ty Pi(J, t, that the particle start ing at the zeroth site 
at 亡= 0 , visits the 产 site (i.e. r = j ) which is spin down at t ime t for the 
first t ime is given by 
P i { j : t , i ) = j - i C t ^ (1 - P 邵 - 1 . (3.6) 
Consequently, the probabil i ty P i ( j , t) that the particle visits the 产 site 
(i.e. r = j ) at t ime t for the first t ime is given by 
〜 (3.7) 广 , .td. Mpi-i ^ ‘ 
= j - l C i ^ (1 - Pup) 2 P„p2 ， 
where (1 - Pup) is the probabil i ty for a lattice site being in i t ia l ly spin down. 
Equation 3.7 gives Pi = 0 when ^ > j - 1, which implies that t < S j - 2 
for non-zero jF\ and is consistent w i th what we mentioned in section 2.4. Since 
the particle wi l l visit each lattice site no more than three times, the particle 
wi l l not be at the jth site for the first t ime when t > Sj - 2. As a result, for 
extreme cases such as p^p = 0 and p^p - 1, we have 
PiU, t = j ) = 1’ for Pup = 1 , and 
P i ( i , ^ = 3 j - 2 ) = 1, for = 0. 
Next, we recall equation 2.2 to find the t ime needed for the particle to arrive 
at the 产 site for the first time. We substitute j = N and have t = 3j - 2iV冲 
i f the 产 site is spin up or i = — 2N^p - 2 i f the 产 site is spin down (two 
units of t ime have to be deducted for the case of spin down because we are 
talking about the first visit) in equation 3.7. In both cases, i f j is an odd 
(even) number, t should also be an even (odd) number to ensure a non-zero 
J^.S Probability function of first visit 18 
Pi. Thus equation 3.7 also gives Pi = 0 when either j or t is an odd (or even) 
number. 
Since the particle can move one lattice unit length per each t ime step, i t 
cannot arrive at the { j + 1严 site before visit ing the 产 site. Suppose att = to, 
the particle is located at the 产 site for the first t ime, we can then conclude 
that ait = to-1, the particle is located at the (j - 1)仇 site. Does the particle 
visit the ( j - 1)认 site for the first t ime at 艺=亡。一1? 
Let us again take a look at figure 2.4. The particles in (a) and (b) have 
their first visits to the second site one unit of t ime before they arrive at the 
th i rd site for the first time. On the other hand, the particles in (c) and (d) 
visit the second site for the first t ime three units of t ime before their first visit 
to the th i rd site. The difference between the former and the latter cases is the 
in i t ia l spin state of the second site, i.e. up in (a) and (b) but down in (c) and 
(d). I f the overall propagation direction of the particle is to the right and the 
particle is currently located at the 产 site for the first t ime, the particle has 
its first visit to the (J - 1)仇 site one unit (three units) of t ime ago i f the in i t ia l 
spin state of the (j - 1)仇 site is up (down). Hence, 
PiU, t) = PupPiU-l,t-l) + { l - p 邵 ) - l , t — 3). (3.8) 
The equation can then be rewritten as 
P八j + 1，力 + 3) = PupPiU, t + 2) + ( l - p邵)P“j, t). (3.9) 
V 
Suppose at t = 0, r = t v According, 
P l U , H ) = P u A r o + l , (3.10) 
= 
Next we perform the Fourier transform (See Appendix B) on equation 3.10 to 
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have 
poo 
r { m t = 0)}= / = 1 , 
JQ 
noo 
r {•PiO•，t = l ) } = Pup / (W。+ie-认r办=PupC-加）and (3.11) 
Jo roo 
r t = 2 ) } = pI, / = plpC-说. 
JQ 
To see the long-time behaviour of the model easily, we use the technique 
of the discrete Laplace-Fourier transform (See Appendix B) to find 
( 2 \ 
£{F{Pi{3 + 1’ t + 3 ) } } = £ {厂 { 尸山•， t ) } } - ^ F { P i ( i , t)} e - ^ 
\ t=o / 
= e ' ' e ' ^ ( £ { r { P i ( j , t ) } } - 1 - 〜 e - 〜 - s — 
认 e - 2 ” ’ 
(3.12) 
and 
( 1 \ 
\ t=o / 
(3.13) 
Using equations 3.12 and 3.13，the discrete Laplace-Fourier transform of equa-
t ion 3.9 is then given by 
e % ' ^ i £ { r { m t ) } } - 1 - - = 
Pupe'' i£{r{Pi(j,t)}} - 1 - p邵e-让e-” + 
(3.14) 
whose solution is 
ifc 3s 
= (3.15) 
Here we consider the case of long wavelength (i.e. k = 0). To simplify the 
algebra, let a = Equation 3.15 then becomes 
印 = 〜 / ( l - 队 P). (3.16) 
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Now, we are going to obtain the inverse Laplace transform (see Appendix 
B) of F { P i ( i , t)}. First, we find the residues of the following equation: 
(a — a){a — b){a - c) (3.17) 
= ^ 
a3 - Q;2(a + 6 + c) + a{ab + 6c + ac) — ahc 
where a, b and c are the poles. Obviously, we can then obtain the equations 
below: 
a + 6 + c = Pup, 
ab + bc-\-ac = 0, and (3.18) 
abc = 1 - Pup, 
which cannot be solved analytically. Then we use numerical method and find 
that one of the poles is equal to one. Suppose a = 1, substitute this into the 
above equations. Then we use the first and the th i rd equations above to get 
c2 + (1 - 〜 ) c + (1 - Pup) = 0, and 
(3.19) 
P + ( 1 - Pup)C + ( 1 - Pup) = 0 . 
Using quadratic formula, the solutions of the above equations are given by 
L — - ( 1 — Pup) + V ( 1 - 〜 ) (3 + Pup) /T； ： ie ^ 
9 = V^^ -Pup)e , and 
》 (3 20) 
^ - ( 1 - Vuy) - V ( 1 - 〜 ) ( 3 + 〜 ) [7. ： . 
where i = and 0 = t a n — i U s i n g residues (see Appendix B) of 
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equation 3.17，R[a), R{b) and R(c) are given by 
雜)- (^^eft 
{y/T^pe^' - 1) ( V ^ T ^ e 银 _ ^ T ^ T ^ e - ” 
= ( V 、 一 — 伙 " - e - , , and (3.21) 
條) 
( X / T ^ e - 丨 0 - 1) ⑵ - y r ^ e ^ ^ ) 
- ( 1 - x A ^ ^ e - ” (一 - e - 吟 
Using COS0 =—小-�仰,sin 9 = and compound angle formulae, the 
Inverse Laplace transform of F { P i ( j , t ) } is then given by 
r { P i { j , t ) } = R(b) + R{c)^R(a) 
二（1 — PupY^' sin [(3 + t) 6]- y r ^ s i n [(2 + t) 9] 
_ sin (9 2y/l-Pup cose - {2-Pup) 
1 
(3.22) 
= f Q L ^ 1 _ (1 _ 〜 ( (1 - cos (dt) + 
I-J 一 ^Pup) L \ 
V 十 Pup / • 
which yields 
= (3.23) 
00 3 - 2pup 
which directly implies that 
(3.24) 
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3.2 Long- t ime large-distance behaviour of f i rst 
v is i t p robab i l i t y func t ion 
Now we are going to see what the probabil i ty function tends to be when j 
becomes large. To simplify the algebra, let = ^ and p^n = (1 - Pup). 
Equation 3.7 becomes 
巧 U / % 》 i = / > V — " p i , (3.25) 
which an approximation [2] can be made for large j . First we approximate the 
factorials in jCp by Stirling's formula and simplify to get 
1 ()，"）众 1 - (j _ 的 〜 2 n { j — 斷 P d n 
/ . \ 0 / . \ j-B I ： (3.26) 
= ( ^ J P d n V ( JPup y / 3 
— V T ) \ j 2 n p i j - p y 
U6 = p - jpdn, then /3 = jpdn + ^ and j - P = jpup - 6 . Do these substitutions 
for j3 and j — (5 m the approximation of Pi . Next, we ignore the square root 
and evaluate the first two factors in Pi by taking the logari thm of the first two 
factors: 
= + 丄 ） ， a n d 
/ ) 叫 \ (3.27) 
J - P \ JPup- PJ 
Then we expand the logarithms in a series of powers of S/jp^n, collect terms 
and simplify to get 
in (智丫 ( 〜 ( 1 + powers of . (3.28) 
\ P J \J-PJ ^JPdnPup V jJ 
Hence, 
( i P ^ Y ( i ^ V — " 〜 e - 沪 / 2 • 〜 (3 29、 
V P ； \ j - P J • ( ) 
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The probabil i ty function of first visit for large distance is then given by 
P i 〜 ^ - ( ^ ” 加 ) 7 ⑵ 崎 ) ， (3.30) 
\/如 WdnPup 
of which the right hand side is the normal approximation to binomial distri-
bution of equation 3.25. 
What wi l l be the average velocity {v) of the particle over all in i t ia l configu-
rations when r is large? Let us first find the average time (t) the particle needs 
to cover such a large distance. The expectation value of t ime {p) is given by 
〈 “ 〉 = E f t - W - ^ n 
=Pdn-^ {Pdn + PupY = Pdnj {Pdn + PupY~^ 
=jPdri' 
Hence, 
{t) = i (3 - 2p邵），for large j. (3.32) 
I f r = j , then 
… 〉 令 (3.33) 
which depends only on the probabil i ty p耶 for a lattice being in i t ia l ly spin up 
and increases as Pup increases. Using such an equation, we can find the average 
distance travelled by the particle in t units of time. 
(r) = = 0"), for large t. (3.34) 
—仲 up 
Hence, equation 3.30 can be rewritten as 
Pi U, 〜 A 1 or 
1 (3.35) 
^/kjPupPdn , 
where j 》 1 also implies t》1. 
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3.3 Tota l p robab i l i t y func t ion 
According to section 2.4, a particle wi l l visit each lattice site no more than 
three times. Hence, the total probabil i ty P{j, t) that the particle is located at 
the jth site at t ime t is contributed by the probabilities of the three visits. 
Consider the lattices of three sites in figure 2.4 which presents all the pos-
sible in i t ia l configurations of the three-site lattice. There are four contribution 
factors: 
1. In (a) the particle only visits the second site once throughout the journey, 
thus the probabil i ty of first visit fa of the second site is : 
fa = Pi(j = 2,t=l). 
2. In (b), the ini t ia l ly spin up state of the second site enables the particle to 
move to the th i rd site immediately upon arriving and the in i t ia l ly spin 
down state of the th i rd site makes the particle visit the second site for 
the second time. Hence, the probabil i ty of second visit fb of the second 
site is: 
fb = Pup(l - Pup)Pi{j = 2,t= 1). 
3. In (c), the ini t ia l ly spin down state of the second site makes the particle 
move backward after the first visit and go back to the second site again 
for the second time. Therefore the probabil i ty of second visit of the 
second site fc is: 
fc = {l-Pup)Pl{j = 2,t = l). 
4. In (d), the in i t ia l ly spin down states of the second and the th i rd sites 
make the particle have the second and the th i rd visits to the second site 
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respectively. Accordingly, the probabil i ty of th i rd visit fd of the second 
site is 
fd = {l-PupyPi{j = 2,t = l ) . 
Based on the above analysis, we can conclude that 
PU, t ) = P l U , t ) + Pnp(l - P u p ) P l { j , t - 2 ) + { l - Pup)Pl{j,力一2) + 
{ l - P u p ) ' P i { j , t - 4 ) (3.36) 
= 亡 ） + (1 — Pu/则,t - 2) + (1 - PupfPiU, t - 4 ) . 
For long t ime and large distance, the total probabil i ty function becomes 
P U, 0 = (3 - 2〜 )P i { j , t) 
t - j 3j-t 1 





which is consistent w i th equation 3.24. According to equations 3.35, the ap-
proximation of equation 3.37 is given by 
户 ( j’％ » i 〜 y 3 「 . 2 〜 e - " > ) V ( 8 肌 ― • 
y/^TlJPupPdn 
which is the solution of the differential equation [1 
djP U, t) + ^ ^ T ^ 这 户 t) = l (^PupPdn) d^P ( j , t) • (3.40) 
Chapter 4 
Simulation Results of 
One-dimensional Open-ended 
Lattice 
In previous chapters, we gave an introduction of the one-dimensional open-
ended lattice and present the mathematical analysis of the proposed model. 
In this chapter we are going to show that the simulation data gives an excellent 
agreement wi th the analytic expressions. 
4.1 N u m b e r of v is i ts 
In figure 4.1，we plot the position of the particle against t ime for various 
values of Pup. The state of the first site of all simulated systems is spin down 
which should give an overall propagation direction to the right as mentioned 
in section 2.3. Though the particle sometimes moves to the left, i t eventually 
propagates to the right. The particle moves more smoothly to the right w i th 
larger p邵 because less number of spin down scatters the particle to the left. 
Hence, the particle should have a finite number of visits in each lattice site. 
26 
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200 r , , ^ 
1 5 0 - . 
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5 0 1 0 0 1 5 0 
t 
Figure 4.1: Position of a particle r against time t for various values of p 耶 . T h e 
overall propagation direction of the particle is to the right in each case because the 
state of the first site is spin down. 
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In figure 4.2，we present the number of visits by the particle against each 
lattice site for various values of p叩.Obviously, the particle visits each lattice 
site no more than three times. The particle has higher chances to visit each 
lattice site more than once i f p^p is smaller. For extreme cases such as pup = 1 
and Pup = 0，the particle visits each lattice site once and three times respec-
tively. The results match wi th what we mentioned in section 2.4. 
, Pup = 0.0 P叩=0.3 
4 ~ I 1 1 1 T- 1 1 4 ~ , 1 , 1 1 , 1 
1 3 _ i i i i i _ _ _ ] i i i : i 3 n _ _ [1] [1 _ I I 
0 o o . •： r: 
1 : r M , 
^ 1 I Z 1 . — 
0 i l i i i i i l i l i i i l i l l l i M 0 U~ l I I I IH i t f f I f I f i f l l l i tH f f iM I 
5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40 
lattice site lattice site 
. Pup = 0.8 p叩=1.0 
4 I I I I ~ ~ ~ I 1 1 4 1 T 1 1 1 -I 1 
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z 1 『 [ ] [ f : [] i f } | f i _n T Tin z 1 n i i n i i i nn i i iH_ [MnT ! i i n [wm 
0 mil l l lM tMUlill JII111 川 1111_| 0 l l l l l l l l l r l l l l t l t l l i l l i i l l l f l l J ttl-J H-
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lattice site lattice site 
Figure 4.2: Number of visits by the particle against lattice site for various values 
of Pup- The particle visits each lattice site no more than three times. 
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4.2 Average propagat ion veloc i ty 
In figure 4.3(a), we present the simulated results of t ime average of the propa-
gation velocity (v) of a particle in one-dimensional lattices w i th p邵=0.2，0.5 
and 0.8 against time. When time is small, the average velocity deviates quite 
a lot from the analytic solution, i.e. equation 3.33. As t ime increases, the 
simulation result fluctuates about the analytic value and becomes very close 
to i t . In figure 4.3(b), we plot ensemble average of the propagation velocity 
(^) against p邵 .T h e simulation data almost coincides w i th the curve of the 
analytic solution. 
In figure 4.4(a), we present the simulation results of P i and P as a function 
of t for various values of p 邵 . I t takes more t ime for the particle to arrive at 
the 800认 site when p邵 is smaller because the particle has to spend two more 
units of t ime on lattice sites of spin down than on those of spin up. Hence, 
the average t ime {t) decreases as Pup increases, which also means the average 
velocity increases as Pup increases. 
The same explanation can be applied to figure 4.4(b) The particle can visit 
more lattice sites wi th in a fixed t i f p^p is larger because more spin up favours 
its forward movement. Thus the average distance ( j ) becomes small as p叩 
decreases in the case of t = 1000. 
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Figure 4.3: (a) Average propagation velocity of one simulated system against time 
t for various values of p邵.(b) Ensemble average of the propagation velocity against 
Pup-
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Figure 4.4: Simulation results of Pi and P as a function of (a) t and (b) j for 
various values of Pup. The average velocity (v) increases as p邵 increases. The solid 
line is a proof of equation 3.36. 
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4.3 Probab i l i t y func t ion of f i rst v is i t 
In figure 4.5, we present the simulation results of equation 3.9. The simulation 
results of both sides of the equation are in perfect agreement. 
In figure 4.6, we compare the analytic approximation (equation 3.30) and 
the computation of the binomial expression (equation 3.7) w i th the simulation 
data respectively. In (a), the binomial expression and the simulation data 
are always in a perfect match for any values of j . However, the analytic 
approximation has an obvious shift from the simulation results when j is small 
(e.g. j = 3 and 30). For larger j (e.g. j = 50 and 100), there is st i l l a slight 
shift but the difference becomes invisible as j becomes very large (e.g. j = 500 
and 700). Similar phenomenon can be found in (b). The binomial expression 
fits perfectly w i th the simulation data. The analytic curve deviates quite a lot 
from the simulation data when t is small but gradually becomes very close to 
i t as t increases. I t does give an excellent fit for the simulated results when t 
is very large. 
In figure 4.4(a), the probabil i ty function Pi disperses more widely as Pup 
increases from 0.1 to 0.5 but the dispersion at p 邵 = 0 . 7 is smaller than that 
at Pup = 0.5. According to equation 3.35, the factor p邵(1 — p耶）determines 
the dispersion of the function at fixed j . The larger the factor, the wider 
the dispersion. Refer to figure C . l (see appendix C), the greatest value of 
the factor occurs at p^p = 0.5 which therefore gives the widest dispersion. In 
、 figure 4.4 (b), the determining factor of the dispersion is Since (?) 
(3—2pup) \ , 
is greater for larger p邵 and the maximum value of the factor at fixed j is at 
about Pup = 0.8 (see figure C. l ) , we have the dispersion of P i increases as p邵 
increases from 0.2 to 0.8. 
Moreover, according to equation 3.35, the amplitude of the maximum value 
of A is determined by + ) in (a) and also by in (b). The greater the 
factor, the smaller the amplitude. Refer to figure C.2, we therefore have the 
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Figure 4.5: Simulation results of equation 3.9 plotted as a function of (a) j, (b) t. 
The simulation data of the left hand side of the equation matches well with that of 
the right hand side of the equation. 
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Figure 4.6: Probability of first visit Pi plotted as a function of time (a) t for p 邵 = 
0.5 and (b) j for pup = 0.8. The solid line represents the analytic approximation 
(equation 3.30), the cross represents the binomial expression (equation 3.7), the 
black dot represents simulation results. The binomial expression always gives a 
perfect match with the simulation data but the analytic approximation becomes 
close to the simulation data only when (a) j is large and (b) t is large. 
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amplitude decreases from Pup = 0.1 to Pup = 0.5 and increases from Pup = 0-5 
to Pup = 0.7 in (a). On the other hand, we take the value of j into account 
and give the same explanation about the amplitude in (b). 
The dispersion of f \ is obvious in figure 4.7(a). The larger the value of 
i , the wider the dispersion at fixed p 邵 . A s Pup is fixed, the amplitude is 
determined merely by the value of j which increases w i th a smaller amplitude. 
In figure 4.7(b), the same explanation can be applied to the results. 
4.4 Tota l p robab i l i t y func t ion 
In figure 4.4，the solid line represents the simulation result of (3 - 2pup)Pi for 
various values of Pup which matches perfectly w i th the simulation result of P. 
Hence, equation 3.37 is valid for large j and large t. 
In figure 4.8，we present the simulation results of equation 3.36. The sim-
ulation results of both sides of the equation are in perfect agreement. 
In figure 4.9, we compare the analytic approximation (equation 3.39) and 
the computation of the binomial expression (equation 3.37) w i th the simulation 
data. In (a), when j is small (e.g. j = 5), neither the binomial expression 
nor the analytic approximation matches wi th the simulation data. For larger 
j (e.g. j = 30，85 and 250), the analytic approximation becomes close to 
the simulation data but the computational data of the binomial expression 
st i l l deviates slightly from the simulation result. As j increases, (e.g. j = 
500 and 900), both the analytic and binomial expressions give perfect fit for 
the simulation result. Similar observation can be found in (b). The analytic 
approximation is not quite consistent w i th the simulation data when t is small 
(i.e. t < 200) but gradually gives a perfect match w i th the simulation data as 
t increases. The binomial expression also has an obvious deviation from the 
simulation result when t is small (i.e. t < 850) but finally becomes very close 
to i t as t increases. 
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Figure 4.7: Simulation results of the probability functions P and Pi against (a) t 
for Pup = 0.7 and (b) j for pup = 0.2. 
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Figure 4.8: Simulation results of equation 3.36 plotted as a function of (a) j and (b) 
t. The simulation data of the left hand side of the equation gives a perfect agreement 
with that of the right hand side of the equation. 
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Figure 4.9: Total probability P plotted as a function of time (a) t for pup = 0.7, 
and (b) j for pup = 0.3. The solid line represents equation 3.39, the cross represents 
equation 3.37, the black dot represents simulation results. The two equations be-
comes very close to the simulation data as (a) j becomes larger and (b) t becomes 
larger. 
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The dispersion of P is determined by the same factor as Pi , thus has the 
same dispersion properties. However, the amplitude of P is determined by the 
factor 〜 . T h e greater the factor, the smaller the amplitude. Refer to 
VjPupPdn 
figure C.2, the value of the factor at fixed j decreases unt i l Pup = 0.8 and then 
increases w i th pup. Thus, we have in figure 4.4 the amplitude decreases from 
Pup = 0.1 to Pup = 0.7 in (a), but increases from Pup = 0.2 to Pup = 0.8 in 
(b) after taking the value of j into consideration. In figure 4.7, the amplitude 




In the previous chapters, we present detailed properties of the one-dimensional 
open-ended model. After the passage of the particle through the lattice, all the 
spins are in a state opposite to their init ial states wi th one lattice site shift in 
the direction opposite to the propagation direction and the average velocity of 
the particle is . I f we extend the ideas to the one-dimensional periodic 
lattice (i.e. on a circular lattice) by identifying the first and the last sites of the 
chain and the particle is allowed to propagate clockwise in the lattice based 
on the propagation rules as mentioned in section 2.1, Boon and his coworkers 
1] proposed that 
1. there wi l l be a counterclockwise shift of the ini t ial spin configuration 
(two lattice sites back) every two cycles; and 
2. the average propagation velocity is given by 
… 〉 + (5.1) 
In this chapter, we present the interesting properties of the one-dimensional 
periodic model. In our analysis, at 亡 = 0 the particle is always located at a 
site of spin down wi th a clockwise speed. We wi l l also show you Boon's results 
indeed are not correct. 
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5.1 Per iodic Boundary Cond i t i on 
In periodic model, the particle moves in the lattice following the same propa-
gation rules as mentioned in one-dimensional model (see section 2.1) . Since 
the particle moves on a circle, i t may visit each site again and again. We define 
r as the position of the particle and is expressed in terms of the numbering 
of the lattice site. Hence, the position r of the particle at any t ime t can be 
obtained by 
‘ n for remainder of 明+冲)么亡=0， 
n , 
+ A t ) = < 
remainder of 厂⑷ +二⑴" otherwise, 
(5.2) 
where v is the instantaneous velocity of the particle and is positive (negative) 
when the particle is moving clockwise (counterclockwise), A t is the t ime in-
terval between two successive movements of the particle, and n is the number 
of lattice sites. 
To clarify the idea, let us consider a circular lattice w i th equal length I = 1 
between successive sites whose states are either spin up or spin down, as shown 
in figure 5.1. In the figure, a particle which in i t ia l ly leaves the first lattice site 
w i th a clockwise speed (i.e. v = 1) is moving in the lattice. T ime interval 
between its two successive movements is one unit . A t t = 15, i t arrives at the 
last site and flips its state from spin up to down immediately. The original spin 
up state enables i t to continue moving in the clockwise direction. A t t = 16 i t 
arrives at the first site whose spin down state scatters the particle back to the 
last site at i = 17. Before that, i t modifies the spin state of the first site to up. 
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Using equation 5.2, the position of the particle at different times is given by: 
Remainder of = 0 ... r(t = 15) = 4， 
Remainder of — = 1 ... r{t = 16) = 1, 
Remainder of — )- = 0 .\r{t = 17) = 4 , 
5.2 Propagat ion d i rec t ion 
In section 2.3, we already showed that the particle wi l l not be trapped in 
certain sites based on the proposed propagation rules. In periodic model, we 
can do the same analysis from the second to the last second sites of the lattice 
by regarding that site as the i认 site in figures 2.2 and 2.3. I f we consider the i仇 
site as the first site, the {i - 1)仇 site wi l l be the last site whereas if we consider 
the i仇 site as the last site, the {i + 1)仇 site wi l l be the first site. Finally 
we are able to reach a conclusion that the proposed propagation rules also 
enable the particle to go on moving in a particular direction, either clockwise 
or counterclockwise, in any circular lattice. Hence, the overall propagation 
direction of the particle in a circular lattice wi l l be: 
1. the opposite of the in i t ia l direction i f the in i t ia l spin state of r(t = 0) is 
up and that of r(t = 1) is down; and 
2. the same as the in i t ia l direction in all other cases. 
5.3 Cycle of the par t ic le 
Since the particle wi l l propagate in a particular direction wi thout being trapped 
in certain sites, i t w i l l visit each site infinite number of times. In our periodic 
model，at 亡 = 0 the particle is located at the first site of the lattice which is 
spin down and the velocity of the particle at that moment is always positive, 
5.3 Cycle of the particle 43 
c = 1 i 參 參 〇 t = 0 
• 6 • o 
B o • o 
〇 fe • 〇 
o • 6 o 
o B o o t = 5 
o o i o 
〇 〇 參 g 
c = 2 磁 〇 參 參 
眷 g • 參 
• • d • t = i o 
參 & 〇 • 
• o 磁 • 
參 〇 • 6 
參 〇 6 〇 
• 0 0 ^ t = 15 
6 〇 〇 參 
0 0 0 B 
C = 3 i 0 0 0 
• fe 〇 〇 
• 參 磁 〇 t = 20 
參 • 鲁 g 
3 眷 參 參 
〇 參 
c = 4 fe • • 0 
1 2 3 4 
Figure 5.1: Time evolution of spin configuration of a circular lattice in which a 
particle is moving. The open circle represents spin up, the black dot represents spin 
down, the triangle pointing to the left represents particle moving counterclockwise, 
the triangle pointing to the right represents particle moving clockwise. 
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to ensure a clockwise propagation. Now we define that the particle enters a 
new cycle c of propagation in the lattice 
1. after i t has visited all lattice sites in the previous cycle; and 
2. i t arrives at the ini t ia l start ing point r = r{t = 0) again wi th the in i t ia l 
velocity (i.e. v = v{t = 0)). 
To clarify the definition, let's go back to figure 5.1. A t 亡 = 0 ， t h e particle 
is located at the first site w i th a clockwise speed. We say that i t starts its first 
cycle of propagation, i.e. c = 1. At t = 2, i t is located at the in i t ia l site w i th 
a clockwise speed but i t has not yet visited all lattice sites in c = 1. Hence, 
i t is st i l l in the first cycle. Only at i = 8 does i t enter the second cycle of 
propagation, i.e. c = 2 because i t has already visited all sites in c = 1 and has 
I； = 1 at that moment. At t = 16, i t has visited all sites in the second cycle 
and is located at the first site but w i th a counterclockwise speed. Thus i t has 
not yet begun the th i rd cycle of propagation. A t 亡 = 1 8 , i t enters the th i rd 
cycle of propagation c = 3. We can go on using the same analysis to find when 
the new cycles of propagation occur. 
5.4 La t t i ce pa t t e rn 
5.4.1 One cycle 
We find that after one cycle's propagation of the particle in the circular lat-
tice, the spin configuration of the lattice in the new cycle has the following 
characteristics: 
1. the in i t ia l spin state of the first site is down; 
2. the in i t ia l spin state of the last site is the same as that of the second site 
in the previous cycle; and 
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3. the in i t ia l states of the remaining spins, say the i仇 spin, wi l l be the 
opposite of the {i + 1)仇 spin of the previous cycle. 
Consider a particle moving in a circular lattice as shown in figure 5.2. We 
compare the spin configurations at the beginning of c = 1 (i.e. at ^ = 0) and 
c = 2 (i.e. at t = 16). The in i t ia l states of the first lattice sites in both cycles 
are spin down. The in i t ia l spin state of the last site in c = 2 is the same as 
that of the second site in c = 1, i.e. spin down. The remaining spins in c = 2 
are in a state opposite to their in i t ia l states in c = 1 w i th one lattice site shift 
in the counterclockwise direction. The same phenomenon can be observed by 
comparing the in i t ia l lattice pattern of c = 2 (i.e. at t = 16) w i th that of c = 3 
(i.e. at t = 32). The first lattice site at the beginning of the two cycles is spin 
down. The in i t ia l spin state of the last site in c = 3 is the same as that of the 
second site in c = 2, i.e. spin down. The rest spins at the beginning of c = 3 
are opposite to those of c = 2 wi th one lattice site shift in the counterclockwise 
direction. As the particle goes on moving in the lattice, the same observation 
can be found in new cycles. 
5.4.2 Two cycles 
Next, we compare the in i t ia l lattice patterns of c = 2 and c = 4. There are 
five sites of spin up and three of spin down in c = 4 but there are only three 
sites of spin up and five of spin down in c = 2. I f the lattice pattern follows 
Boon's proposed ideas (i.e. i t shifts two sites in the counterclockwise direction 
every two cycles), the numbers of spin up and spin down should have been 
conserved. We go on to compare the in i t ia l spin configurations in c = 1 and 
c = 3. Though the numbers of spin up and spin down are conserved, the lattice 
pattern does not match what Boon proposed. 
Instead, we find that the in i t ia l spin configuration has the following char-
acteristics every two cycles: 
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1. the first site is always spin down; 
2. a counterclockwise shift of the in i t ia l spin configuration (two lattice sites 
back) takes place only from the fourth to the last lattice sites: the lattice 
pattern shifts two sites in the counterclockwise direction every two cycles, 
i.e. the spin states from the second to the th i rd last sites at the beginning 
of the new cycle is the same as those from the fourth to the last sites in 
the cycle before the previous one; and 
3. the state of the second last (the last) site is opposite to that of the second 
(the third) site in the cycle before the previous one. 
For example, we take a look at the in i t ia l spin configurations of c = 1 and 
c = 3 in figure 5.2. A t the beginning of the cycles, the state of the first site is 
spin down. A l l spins from the second to the sixth sites in c = 3 are the same 
as those from the fourth to the last sites in c = 1 (i.e. up, down, up, down, 
down). On the other hand, the last second (up) and the last (down) sites in 
c = 3 are in a state opposite to the second (down) and the th i rd (up) sites in 
c = 1 respectively. The same results can be obtained by the comparison of the 
lattice patterns between c = 2 and c = 4. 
W i l l the in i t ia l lattice pattern of c = 1 (i.e. at t = 0) be repeated as the 
particle continues to circulate around the lattice? First consider a particle 
which is in i t ia l ly released at the first lattice site of a circular latt ice w i th v = \ 
in figure 5.3. 
In (a), we present the spin configurations of the latt ice at i = 0 and at 
亡 = 6 . A t 亡 = 0 ， t h e particle is located at the first site w i th v = I whereas 
at t = 6, the particle has passed through the lattice and arrives at the last 
site w i th v = I. We can regard the propagation of the particle f rom t = 0 to 
亡 = 6 as a particle moving in a one-dimensional lattice. Hence the change of 
the lattice pattern follows exactly that in one-dimensional model, i.e. the last 
visited site is spin down and the spins of all the remaining sites are in a state 
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Figure 5.2: Shift of lattice pattern after the passage of a particle on a circular 
lattice. Same symbolic notation as figure 5.1. 
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opposite to their in i t ia l states wi th one lattice site shift in the counterclockwise 
direction. 
In (b), we consider the particle as moving in a one-dimensional lattice 
start ing at the f i f th site w i th v = 1 a^t t = 6 and arr iving at the fourth site 
w i th V = 1 Sit t = 16 after passing through the lattice. The shift of lattice 
pattern therefore has the same characteristics as mentioned before. 
In (c), we regard the particle as leaving at the fourth site w i th v = 1 dit 
t = 16 and reaching the th i rd site w i th v = 1 a^t t = 22 after passing through 
the lattice. We perform the same transformation on the system as shown from 
⑷ t o ⑴ . 
As we go on to do the proposed operation, we find that the spin configura-
t ion repeats once every two transformations i f we ignore the numbering of the 
lattice site, i.e. (a )= (c )= (e )= (g )= ( i ) and ( b ) = ( d ) = ( f ) = ( h ) = ( j ) . The lattice 
pattern in (a) is the opposite of that in (b), except the one at which the particle 
is located. In our analysis, we regard the particle as start ing to move from the 
first site, and then the fifth，the fourth, the third, the second, the first, 
The particle is considered as start ing to move from the first site again after 
five transformations as shown in (f). A t that moment, the spin configuration 
is the opposite of that at t = 0. Only after five more transformations wi l l the 
particle be located at the first site again w i th ？; = 1, as shown in (j). The 
spin state of each lattice site is the same as that at t = 0. Start ing from that 
moment, the trajectory (in terms of position r ) of the particle is repeated. 
How about i f the particle is moving in a circular lattice w i th an even number 
of sites? In figure 5.4, a particle is released at the first site of a six-site circular 
lattice w i th a clockwise speed. According to our method of transformation, 
the lattice pattern repeats every two transformations, i.e. (a)=(c)=(e) and 
(b )= (d )= ( f ) , i f we ignore the numbering of the lattice sites. The particle is 
said to begin moving from the first site, and then the sixth, the f i f th, the fourth 
，and go back to re-start its propagation at the first site in (f) after six 
2.5 Lattice pattern 49 
(a) 1 St transformation (f) 6th transformation 
t = 0 - n 0 • Z I P t = 3 8 i • 塵 n ~ ~ • 
t = 6參 • 〇 • i t = 48〇 〇 參 〇 -
1 2 3 4 5 1 2 3 4 5 
(b) 2nd transformation (g) 7th transformation 
t = 6 - m m i ) z j t = 4 8 i D 0 m 
t = 1 6 0 O • O i t = 5 4 # • 〇 • i 
5 1 2 3 4 5 1 2 3 4 
(c) 3rd transformation (h) 8th transformation 
t = l 6 - u {) # I Z D t = 5 4 - m m (-)~~m 
t = 2 2 , • O • i t = 64 0 O • O i 
4 5 1 2 3 4 5 1 2 3 
(d) 4th transformation (i) 9th transformation 
t = 2 2 - m 眷 o u t = 64 - u 0 • — n 
t = 3 2 0 O • O i t = 7 0 # • O • i 
3 4 5 1 2 3 4 5 1 2 
(e) 5th transformation ⑴ 10th transformation 
t = 3 2 - V) 0 # 1 X 3 t = 7 0 i • • n — • 
t = 3 8 # • O • i t = 80 0 O • O i 
2 3 4 5 1 2 3 4 5 1 
Figure 5.3: Particle moving in a five-site circular lattice. The rectangular box 
indicates the spin configuration of the lattice in the view point of the particle as it 
circulates around the lattice. Same symbolic notation as figure 5.1. 
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(a) 1st transformation (d) 4th transformation 
> _ _ _ _ _ _ > 
t = 0 . D O 藝 O • t = 29« •龜（•)藝（_D 
l> > 
t = 9® • 〇 參 〇 眷 t = 4 0 〇 〇 參 〇 • 參 
1 2 3 4 5 6 4 5 6 1 2 3 
^ ^ ^ ^ lO CO N 00 S 
i i i ^ i i i i [ “ 
(b) 2nd transformation (e) 5th transformation 
> > 
t = 9 # • • () W—Q t = 4 0 . o o • n ~ • 
t = 2 0 〇 〇 參 〇 參 & t = 49參 • 〇 參 〇 & 
6 1 2 3 4 5 3 4 5 6 1 2 
10 Cp N 00 C3i ^ O C\j CO J^- If) 
i 1 ^ i i i i i ^ i 1 i 
(c) 3rd transformation (f) 6th transformation 
t> . > 
t : 2 0 . ( | - ) ( ) 響 o ~ ~ » t = 4 9 . • • o m~~n 
t = 2 9 , • O • O • t = 6 0 0 O • O • • 
5 6 1 2 3 4 2 3 4 5 6 1 
^ ^ 1 ^ i p c o i s o o o S 
11 i i i i l i i i 
Figure 5.4: Same as figure 5.3 but the circular lattice has six sites. Same symbolic 
notation as figure 5.1. 
transformations. At that moment the spin configuration of the lattice at t = 0 
is restored. 
The same method of transformation can be applied to any circular lattice 
to show that the ini t ial lattice pattern wi l l eventually repeat. 
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5.5 Per iod of the system 
5.5.1 General case 
In previous section, we showed that the lattice pattern wi l l repeat regardless 
of the spin configuration at 亡 = 0 and the number of lattice sites n. Now we 
define that the whole system has gone through one period's change when the 
lattice pattern repeats at the t ime when the particle goes back to its in i t ia l 
position r = r{t = 0) wi th an in i t ia l velocity v = v{t = 0). Since we regard 
the particle as propagating along a one-dimensional lattice, we are always able 
to find the t ime needed U for the particle to travel from the start point to the 
end point of an n-site circular lattice in the i认 transformation using equation 
2.2 by 
ti = 3N- 2Ni, (5.3) 
where iV = n - 1 and iVi is the number of lattice sites being in i t ia l ly spin up 
(except the start point) in the i仇 transformation. As the spin configuration 
repeats every two transformations if we ignore the numbering of the lattice 
sites and the lattice pattern in the i仇 transformation is opposite to that in the 
( i + 1产 transformation, we have 
h = t3 = t5 = = 3N- 2Nup, 
(5.4) 
t2 = U = u = = — 2、N - Nup) 二 N + 2iV叩， 
where TV邵 is the number of lattice sites of spin up at ^ = 0. We can then find 
the period of the system 7； by adding up the t ime spent in all transformations 
wi th in one Tg. 
Let us go back to the previous examples. In figure 5.3 the number of 
transformation in one 7； is twice the number of lattice sites n while in figure 
5.4 the number of transformation in one 7； is exactly equal to the number of 
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lattice sites. We can therefore reach a conclusion that 
, n for even n. k 
Tg = y ^ t j , where k = < (5.5) 
2n for odd n. 
\ 
Combining w i th equation 5.4, we have 
I (3iV - 2Nup + iV + 2Nup) for even n, 
Ts=< 
n (3N - 2Nup + A^ + 2Nup) for odd n, 
(5.6) 
2 n ( n - 1). 
= < 
4n(n - 1). 
\ 
Using equation 5.6, we have 
f 
80 for n = 5. 
< 
60 for n = 6. 
\ 
which are consistent w i th what figures 5.3 and 5.4 show. 
5.5.2 Lattices of alternating spin up and spin down 
However, not all one-dimensional circular lattices have T^ given by equation 
5.6. Consider a lattice w i th alternating spin up and spin down as shown in 
figure 5.5. The spin configuration at 力 = 0 is restored in c = 2. I f we apply 
our method of transformation to the system, we have 
ti = 3N- 2Nup = 3 (n — 1) - 2Nup = 5, 
where Nup is equal to Three units of t ime have to be added for the particle 
to enter the second cycle of propagation a,t t = S because at t = 5 the spin 
state of the first site is down. Hence, 
Ts = ti-h3 = 8. 
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Such a special property is not found in the lattice w i th similar spin con-
figuration at t = 0 but w i th an odd number of sites. An example is shown in 
figure 5.6. The lattice pattern does not repeat after one cycle's propagation of 
the particle in the lattice of alternating spin up and spin down. Accordingly, 
we can conclude that 
Ts = 3(n - 1) 一 2Nup + 3 = 3 ( n - l ) - 2 ^ + 3 = 2n, (5.7) 
which is valid for lattice of alternating spin up and spin down and having even 
number of sites n. For lattices of other spin configurations, we have to find Tg 
using equation 5.6. 
5.6 Per iod of the par t ic le 
The rectangle box in figures 5.3 and 5.4 represents what the particle sees as i t 
moves around the lattice. Obviously the spin configuration also repeats every 
two transformation in the view point of the particle, which implies that i t 
follows the same trajectory (in terms of its velocity in each t ime step) every 
two transformations. Now we define the period of the particle Tp as 
Tp = ti-\-t2 = 3N - 2Nup + N-\- 2N仰=AN = 4 ( n — 1). (5.8) 
For those w i th alternating spin up and spin down and w i th even number 
of lattice sites (see figure 5.5)，Tp is given by 
Tp = 4, (5.9) 
because the particle repeats its trajectory (in terms of its velocity in each t ime 
step) each t ime after i t spent one units of t ime on a site of spin up followed by 
three units of t ime on a site of spin down. 
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O 
t = o m o • Q c = 1 
> 




t = 2 參 眷 〇 C E 
o 
> I 
t = 3 • 〇 〇 C — 
CO 1~ 
D> 
t = 4 • 〇 • C 
t = 5 1ft Q t 1 
< 
t = 6 〇 〇 參 參 
t = 7 〇 〇 • 〇 
[> 
t = 8 參 〇 參 〇 c = 2 
Figure 5.5: A particle moves in a four-site circular lattice of alternating up and 
down. The spin configuration is restored after one cycle's propagation of the particle 
in the lattice. Same symbolic notation as figure 5.1. 
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1 2 3 4 5 
> 
t = 0 參 〇 參 〇 • c s l 
D> 
t = 1 • • 參 〇 參 
d 
t = 2 參 參 〇 〇 參 
t = 3 參 g 〇 〇 • 
> 
t = 4 參 〇 _ 〇 _ 
> 
t = 5 參 〇 參 參 參 
t = 6 參 〇 參 參 g 
> 
t = 7 參 〇 • 〇 〇 
t = 8 參 〇 • 〇 $ 
< 
t = 9 〇 〇 拳 〇 參 
t = 1 0 O O • O O 
t = 11 $ 〇 參 〇 〇 c = 2 
Figure 5.6: A particle moves in a five-site circular lattice of alternating up and down. 
The lattice pattern is not restored after one cycle's propagation of the particle in 
the lattice. Same symbolic notation as figure 5.1. 
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5.7 Propagat ion veloci ty 
Since the lattice pattern in the i仇 transformation is the opposite of that in the 
{i + 1)认 one if we ignore the numbering of the lattice site, the particle should 
have visited equal numbers of spin up and spin down wi th in one Tp. In the 
view point of the particle, moving in a circular lattice is the same as moving in 
a one-dimensional lattice. Substituting Nup = y in equation 2.3, the average 
velocity Vp of the particle in the circular lattice in one Tp is then given by 
Vp = I , (5.10) 
in lattice unit length per t ime step. 
We can also use another analysis to find Vp. In our method of transforma-
tion, the particle moves {n — 1) steps from the start point to the end point in 
each transformation (see figures 5.3 and 5.4). I t therefore moves 2(n — 1) steps 
wi th in one Tp. We then have 
_ 2 ( n - 1) _ 2 ( n - 1) _ 1 
For those of alternating spin up and spin down w i th even n, we also have 
Vp = ^ because the particle spends four units of t ime every two steps, one unit 
on spin up while three units on spin down, as mentioned at the end of section 
5.6. 
For any n-site circular lattices, i t is obvious to see that Ts is a mult iple 
of Tp. Therefore, we can say that the average velocity of the particle in the 
circular lattice Vs in one Ts is also given by 
〜 = 全 ， (5.11) 
in lattice uni t length per t ime step. 
Chapter 6 
Statistical Behaviour of 
One-dimensional Periodic 
Lattice 
In the previous chapter, we presented the interesting properties of the one-
dimensional periodic model. Indeed most of the analysis of the periodic model 
can be done based on that of the open-ended model. In this chapter, we wi l l 
discuss the statistical behaviour of the one-dimensional periodic lattice. 
6.1 Average propagat ion ve loc i ty 
Wi th a given time t, we define I as the whole number of Tp that the particle 
has undergone in t units of time. In section 5.7, we showed that Vp = Hence 
in the first ITp units of time t, the average velocity of the particle should be 
Let {vk) be the average velocity of the particle in the last {t — ITp) units of 
time, then the average velocity {v) of the particle in t units of time is given by 
_ total velocity in t units _ ^ITp + (vk)T 
⑷ = t o t a l time u n i t s ^ = ITp + r ， (6.1) 
where 
T = remainder of (6.2) 
Tp 
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I f t 》 r , then I T p 》 r . The first term in the numerator wi l l be much greater 
than the second term because the maximum value of (vk) is one (v the particle 
can only move one lattice unit length per t ime step). 
〈”〉〜•， for very large t. (6.3) 
6.2 Probab i l i t y func t ion 
Denote Pc as the probabil i ty of a particle at the position r at t ime t. In 
section 5.6 we showed that Tp depends only on the number of lattice sites n 
in most cases, any n-site circular lattice should share the same Tp, Therefore 
at t = ITp, the particle must arrive at a particular lattice site r / ( t = ITp). 
In section 5.7, we showed that the particle moves 2(n - 1) steps in an n-site 
lattice wi th in one Tp. Thus, 
f 
n for remainder of 2《"-i)+i = 0 
n ‘ 
” = (6.4) 
remainder of 2"二 i )+ i otherwise, 
i f the particle is located at r = 1 at 亡 = 0 . 
For example, look at figure 5.3. Using equation 6.4, we have 
D , 2 ( 1 ) ( 5 - 1 ) + 1 ^ 
Remainder of = 4 ... r i = 4, 
0 
Remainder of 2(2)(5 5 丄 ) + 工 = 2 ...厂2 = 2, 
Remainder of 2(3)(5 ” + 工 — q • 7*3 = 5 
5 . . , 
which are consistent w i th what the figure shows. 
Consequently, the probabil i ty of the particle P^ being at r a " = ITp is 
given by 
Pc{r,t = I T p ) = Sr,rj- (6.5) 
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As the particle moves only one lattice unit length per t ime step and 77 can be 
found by equation 6.4, we can find r{t = ITp - 1). Moreover, at t = ITp the 
particle has ？; = 1, we can find r(t = /Tp + 1). Using the same method as that 
in equation 5.2，we have 
+ ” r … 1 、 n for remainder of 迪 = 0 , 
r / 十 = = / T p + 1 ) = 《 n , 




- " rrr^  -、 ^ fOF f / - 1 = 0. 
r / = r(t = I T p - l ) = J (6.7) 
I r / - 1 otherwise. 
Therefore we have 
Pc(r, t = I T , + l )=Sr , r , -^ , (6.8) 
and 
Pc(r,t = I T , - l ) = S r , r , - . (6.9) 
How about i f t is of other values? Let us go back to our method of trans-
formation in figure 5.4. In every 7；, we regard the particle as moving in a 
one-dimensional lattice of {2n-l) sites whose numbering is denoted as k. The 
start point of the odd transformation is = 0 at t = 0 and the end point 
of the even transformation is k = 2(n - 1) at ^ = ITp, because there are two 
transformations wi th in one Tp, 
As the particle repeats its trajectory (in terms of k) every Tp and Pc{r = 
7 7 ,亡= I T p ) is equal to one. We can consider the particle in lattices of same 
n as start ing their journey in the lattices at t = ITp. Hence, we can always 
ignore what happens in the first ITp units of t ime. The lattice pattern in 
the i仇 transformation is opposite to that in the {i + 1)亡紅 one, we thus have 
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the probabil i ty for a lattice site of being spin up Qup at the beginning of each 
transformation as follows: 
I Pup, for odd z, , 、 
(6.10) 
1 - Pup, for even i, 
where p^p as the probabil i ty of a site of the circular lattice being spin up at 
t = 0. Obviously, q is /c-dependent. Hence we have 
< 
,7、 Pup for k <n. 
qup{k) = (6.11) 
1 - Pup for k > n. 
Again, we look at figure 5.4. We use the similar method as mentioned at the 
beginning of section 3.3 in our proposed one-dimensional lattice. Substitute 
Qup into equation 3.36 , the total probabil i ty function f is given by 
‘ 她 ” + ( 1 - 〜 2 ) 她 卜 2 ) + 
(1 - P u p f f i ( k , r - 4) for k < n - l , 
f { K r ) = l (6.12) 
M k , t ) + Pup{2 一 P u p ) h { k , t - 2 ) 
+Pup^fi{k, r - 4 ) for k>n-l, 
\ 
where / i is the probabil i ty of the particle arrives at /c at r for the first t ime 
wi th in each Tp. 
To find f when k = n — 1, let us consider k = b in figure 5.4. The 
particle wi l l visit each site no more than three times in our proposed model. 
Therefore, the total probabil i ty that the particle is located at that site at t ime 
T is contributed by the probabilities of the three visits. I f we consider /c = 5 as 
the second site in figure 2.4, then A; = 4 is the first site and /c = 6 is the th i rd 
site. Now in this case , we have qup{k = 4) = p邵 and qup{k = 6) = 1 - p邵. 
There are four contribution factors of f : 
1. In (a), the particle only visits k = 5 once throughout the journey, thus 
the probabil i ty of first visit fa to k = 5 is: 
/a = /i(A; = 5’T = 5). 
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2. In (b), the ini t ia l ly spin state of /c = 5 enables the particle to move 
k = 6 immediately upon arriving and the in i t ia l ly spin down state of 
k — Q makes the particle visit k = 5 for the second time. Hence, the 
probabil i ty of second visit /b to /c = 5 is : 
fb=pUi{k = 5,r-2). 
3. In (c), the ini t ia l ly spin down state of A; = 5 makes the particle move 
backward after the first visit and go back again for the second time. 
Therefore, the probabil i ty of second visit to A; = 5 is: 
fc={l-Pup)fi(k = b,T-2). 
4. In (d), the ini t ia l ly spin down states of /c : 5 and k = 6 enable the 
particle to have the second and the th i rd visits to k = b respectively. 
Accordingly, the probabil i ty of th i rd visit fd to k = 5 is: 
fd = f{k = 5 , r ) = Pupil — Pup)fi{k = 5 , r - 4). 
Based on the above analysis, we can conclude that 
f i K r ) = h{k,r) 2) + il-Pup)Mk,T- 2) + 
Pup(^ - Pup)fi{k,T - 4,) for /c = n - 1 
=MK r) + (p邵2 一 p邵 + l ) / i ( / c , r - 2 ) + Pupil - Pup )h {k , r 一 4). 
(6.13) 
I f 7 "》1, equations 6.12 and 6.13 
f 
( 3 - 2pup)fi{k, t ) f o r k < n - 1 . 
f{k,T) = 2 / i ( / c , r ) for k = n - l . (6.14) 
{l + 2pup)fi(k,T) for k > n - l . 
、 
We have the relation between t and r by equation 6.2. How about r and 
k? As 77 can be found using equation 6.4, we are always able to find the 
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corresponding r for a given k: 
( 
n for remainder of = 0. 
r = n (6.15) 
remainder of ^ ^ otherwise. 
\ 
For example, we consider 20 < 亡 < 40, i.e. the th i rd and the forth trans-
formations. We have / = 1 in figure 5.4. Substitute 77 = 5 and use equation 
6.15, the corresponding positions of the particle on the lattice are given by 
5 + 2 
Remainder of ~ - ~ = 1 r{k = 2) = 1, 
5 + 5 
Remainder of ^ = 4 ... r(k = 5} = 4, 
5 + 7 
Remainder of ^ 二 0 .•• r(k = 7) = 6, etc., 
which are consistent w i th what the figure shows. 
The problem of Pc(r, t) is now reduced to solving / i ( / c , t ) for a particle 
moving in a one-dimensional lattice of ( 2 n - 1) sites whose first n sites (except 
A; = 0) have a probabil i ty Pup of being ini t ia l ly spin up and the remaining sites 
have a probabil i ty (1 -Pup) of begin ini t ia l ly spin up. Since the particle needs 
at least (n - 1) units of t ime to visit all of the first n sites before i t visits the 
last {n - 1) sites, the probabil i ty for the visited sites to be in i t ia l ly spin up in 
the first (n - 1) units of t ime is Qup = Pup, which is the same as that in the 
model we mentioned in chapter 2. Using equation 3.7, we thus have 
T-fc 3fc-r 1 
f i ( k , T ) = k - i C r ^ (1 - Pup) 2 Pup' ’ for k < n. (6.16) 
Finally, we conclude that Pc(r, t) can be found by the computational sim-
ulation of f[k, t). 
Chapter 7 
Simulation Results of 
One-dimensional Periodic 
Lattice 
In previous chapters, we gave an introduction of the one-dimensional periodic 
lattice and discussed its statistical behaviour. In this chapter we are going to 
present the simulation results of the model. 
7.1 T ra jec to ry of the par t ic le 
7.1.1 General case 
In figure 7.1(a), we plot the position r against t for a three-site lattice w i th all 
possible spin configurations at t = 0. The particles repeat the same trajectory 
(in terms of r) at t = Ts = 24 despite of the different in i t ia l spin configurations. 
In figure 7.1(b), two more examples are shown. The particle also starts to 
repeat its moving route at t = Ts. For n = 7, the wait ing t ime for repetit ion 
of the lattice pattern is longer than that for n = 10，which matches equation 
5.6. Since the trajectory of the particle is determined by the spin state of each 
lattice site, we can then conclude the in i t ia l lattice pattern wi l l eventually 
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repeat as the particle propagates in the periodic lattice. The wait ing t ime for 
repetition, i.e., T^ is the same for all lattices w i th the same number of sites 
and is independent of the ini t ia l spin configuration. 
7.1.2 Lattices of alternating spin up and spin down 
In figure 7.2 the particle circulates around the lattice of alternating spin up 
and down in the clockwise direction. Hence, i t visits each lattice site again 
and again. In (a), the particle repeats its trajectory (in terms of position r ) 
in every cycle as i t propagates around the eight-site lattice, hence the spin 
configuration at t = 0 is restored at the beginning of each cycle. However, 
such a special phenomenon does not occur in (b) in which the particle moves 
around a seven-site lattice. The trajectory of the particle is repeated unt i l 
t = Ts = 168 (see equation 5.6). 
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(a) 
intial configuration: 000 intial configuration: 001 
' 。 丽 i l l 111 I '。I l i l i I l i l i 
:llMiM lili 11 
0 12 24 36 48 0 12 24 36 48 
t t 
intial configuration: 010 intial configuration: 011 
3.。Illl'irrIilll 11' III 3.。Il 'AlAl illTAIlII 
f f、4 V M 
J lil if lf llllVI! I J l l ! l ! I l l l if lf 11 
0 12 24 36 48 0 12 24 36 48 
t t 
(b) 
intial configuration: 0110101 
:IM 腿 MM 
ijmEWmiLl 
‘ 0 50 100 150 168 
t 
intial configuration: 0001000001 
i f f l H l 0 50 100 150 180 200 
t 
Figure 7.1: Position r of the particle in (a) three-site lattices of all possible initial 
spin configurations, (b) lattices of seven-site and ten-site.，0，represents spin down, 
，r represents spin up. Beyond the dotted line which represents Ts, the particle 
follows the same trajectory as that at t = 0 again. 
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(a) Initial configuration: 01010101 
I f J J： 
" : / / / / \ y | / W M M 
1 ‘—LJ——I L i 1 , I L 
0 20 40 60 80 
t 
(b) Initial configuration: 0101010 
m i m ™ 
J J I 
3 I _ 
• 川 丨 I . 1 .111 丨丨，il . It, II ill. It .1 ,1 I 11 I , 
0 20 40 60 80 100 120 140 I 6 0 I 6 8 18O 
t 
Figure 7.2: Position r of the particle in (a) an eight-site lattice, (b) a seven-site 
lattice，with spin of alternating up and down at t = 0 against t. ,0’ represents 
spin down, ,1, represents spin up. The particle in (a) follows the same trajectory 
after one cycle's propagation and the particle in (b) follows the same trajectory at 
t = Ts = 168. 
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7.2 Average propagat ion veloc i ty 
In figure 7.3, the simulation result of average velocity {v) of the particle is 
plotted against t ime t wi th in one T^. In (a), the number of lattice sites in the 
four lattices is ten. Though the different in i t ia l lattice pattern between them 
makes the trajectory of the particle in each case different from one another, 
the average velocity is exactly 全 at 7；, i.e. t = 18. We conclude that lattices 
of the same number of sites share the same 7； despite of the different in i t ia l 
spin configurations. 
Similar results can be found in (b). Since the number of lattice sites is 
different in the four lattices, the average velocity of the particle converges to 
I at different rate. According to equation 5.6’ we have larger 7； for larger n. 
Hence 7； is smaller at n = 6 than at n = 15. On the other hand, equation 5.6 
also tells us Tg maybe smaller for even n. This is the reason why 7； is smaller 
at n = 20 than at n = 17. 
Moreover, in (b) i t is obvious to find that the average velocity fluctuates 
about 1 before t = 7； and the amplitude of the f luctuation becomes smaller 
and smaller as t ime increases. Such a phenomenon matches what we mentioned 
in section 6.1. Besides, (v) also hits the dotted line of | at ^ = Tp. Afterwards, 
the particle follows the same trajectory (in terms of velocity v) and such a 
trajectory is repeated again and again. This is why we find that {v) continues 
to oscillate w i th the same pattern but smaller amplitude as t ime increases. 
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Figure 7.3: Average velocity (v) of the particle on lattices of (a) ten-site, (b) 
different number of sites within one Tg. '0' represents spin down, '1' represents spin 
up. 
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7.3 Probab i l i t y func t ion of c i rcular la t t ice 
In figure 7.4, we compare the simulation result of the particle moving in n-site 
circular lattices wi th that of the particle moving in the corresponding one-
dimensional lattice of (2n — 1) sites. Using methods as mentioned in section 
6.2, we convert r to t and k to r respectively. We find that the results coincide 
w i th each other, which implies that we can consider a particle moving in an 
n - site circular lattice wi th Pup as the probabil i ty for each site of being spin 
up at t = 0 as a particle moving in a (2n - l)-site one-dimensional lattice w i th 
Pup as the probabil i ty for the first half (except k = 0) sites of being in i t ia l ly 
spin up and w i th (1 — p邵)as the probabil i ty for the remaining sites of being 
ini t ia l ly spin up. 
In figure 7.5, we present the simulation results of Pc(r, t) of a 300-site 
circular lattice at various values of t whose corresponding r is the same, i.e. 
r = 200 (see equation 6.2). We find that the shape of the probabil i ty functions 
of the three values of t is the same but has a shift to the left along the x-axis 
compared to one another. The first (t - r ) units of t ime is a mult iple of Tp 
which indeed does not affect the dispersion of the probabil i ty function. Only 
the last r units of t ime determines the probabil i ty function, hence the three 
cases have the probabil i ty functions of the same shape. Moreover, according 
to equation 6.15, the corresponding r for the same k is not necessary to be the 
same for the same r , thus the probabil i ty function may have a shift. 
In figure 7.6, we present similar simulation results as figure 7.5 but w i th 
n = 50. Unlike the previous one, the simulation data of each value of t coincides 
w i th each another. A t t = 5400，the particle enters the 500认 units of t ime 
after one 7； and at t = 10300 i t enters the 500认 units of t ime after two 7；. 
Since the particle follows the same trajectory (in terms of r) every T5, we have 
the same PJj^, t) at these two moments. 
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Figure 7.4: Simulation results of probability functions t) and f(k,T,n). The 
black circle represents the particle moving in an n-site circular lattice, the cross rep-
resents the particle moving in a corresponding (2n - l)-site one-dimensional lattice. 
The conversion between k and r and that between r and t are done using equations 
6.2 and 6.15 respectively. 
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Figure 7.5: Simulation results of Pc{r,t) of a 300-site circular lattice at various 
values of t, each has the same corresponding r . 
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Figure 7.6: Simulation results of Pc{r, t) of a 50-site circular lattice at various values 
of t. In each case, r is the first 500 units of time after the whole system's period of 
change, Tg. 
7.4 P robab i l i t y func t ion of corresponding one-
dimensional la t t ice 
In figure 7.7, we compare the simulation result of the probabil i ty functions of 
first visit of a particle moving in an open-ended model whose properties were 
mentioned in chapter 2 wi th that of a particle moving in a 599-site lattice which 
is the corresponding one-dimensional lattice of a 300-site circular lattice. In 
(a), at t = r = 200，the results coincides w i th each other because t ime is not 
enough for the particle to arrive at the last {n - 1) sites of the 599-site lattice 
regardless of the value of Pup. The particle moving in the 599-site lattice is 
the same as moving in the open-ended lattice because Pup is the same in the 
two lattices. Hence, the particles in the two models share the same probabil i ty 
functions. In (b), the particle has the non-zero probabil i ty to visit the last half 
、 sites of the 599-site lattice because T is larger than the min imum t ime needed 
( n - 1 ) for the particle to pass through the first half sites of the 599-site lattice. 
The value q^p of the last half sites is different from that of p^p in the open-
ended lattice. As a result, we find its probabil i ty function different from that 
of the open-ended model. 
For Pup = 0.3, the average velocity (v) of the particle is greater in the 
599-site lattice because the particle has passed through the first n sites and is 
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visit ing the last (n — 1) ones whose sites have a higher probabil i ty of being spin 
up, i.e. 0.7. For Pup = 0.7, similar explanation can be applied. The average 
velocity (v) of the particle is smaller for particle moving in the 599-site lattice 
because the particle has passed through the first n sites and is visit ing the last 
(n — 1) ones whose sites have a smaller probabil i ty of being spin up, i.e. 0.3. 
For Pup = 0.5，the probabil ity of being spin up for the last (n 一 1) site of the 
599-site lattice is the same as that of the first n sites (except k = 0). Hence, 
both models give the same (v). However, / i ( / c , r ) has larger amplitude at (v) 
and a narrower dispersion. 
In figure 7.8, we plot that the probabil i ty function of first visit /i(/c，r) 
of the corresponding one-dimensional lattices of two circular lattices against 
k. The dispersion of the function increases w i th T and then decreases as i t 
approaches the last site of the lattice but the amplitude of the peak value 
decreases as r increases and then increases as the particle is close to the last 
site. When the particle nearly arrives at the last site, its average velocity 
always converges to \ regardless of the in i t ia l spin configuration and the value 
of Pup- Therefore the function becomes narrower and sharper when the particle 
nearly finishes the journey along the lattice. 
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Figure 7.7: Comparison between Pi{j,t) of the model mentioned in chapter 2 and 
/i(A;, T) of the corresponding one-dimensional model of a 599-site circular model for 
various values of pup at (a) t = r = 200 {h) t = T = 854. 
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Figure 7.8: Probability of first visit / i ( /c , r ) at various values of t in (a) a 999-site 
lattice with pup = 0.8, (b) a 599-site lattice with p^p = 0.2. 
Chapter 8 
Conclusion 
Using the propagation rules proposed by Boon and his coworkers, we observe 
propagation of the particle, either clockwise or counterclockwise in periodic 
lattice of which the first and the last sites are identified. In our periodic model, 
the particle is located at the first site whose state is spin down at t = 0, wi th 
a clockwise speed, i.e. v = 1. We find that the spin configuration at t = 0 wi l l 
repeat after T^ units of time when the particle is again located at r = r{t = 0) 
wi th V v{t = 0), where 7； depends on the number of lattice sites n and is 
given by 
I 2n{n - 1), for even n. 
Ts = < 
[ 4 n ( n - 1) for odd n. 
Moreover, we find that in the view point of the particle, the spin configura-
t ion is repeated every Tp units of time (neglecting the numbering of the lattice 
sites) as i t propagates along the lattice, where Tp also depends on the number 
of lattice sites and is given by 
Tp = 4 ( n - 1 ) . 
Wi th in every Tp units of time, the average velocity (v) of the particle fluctuates 
about I lattice unit length per time step and becomes exactly | at the end of 
each Tp because the particle always visit the same number of spin up and spin 
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down wi th in one Tp regardless of the spin configuration at t = 0. Besides, we 
find that Tg is a multiple of Tp. Therefore {v) is also | lattice unit length per 
t ime step at the end of each T^. 
However, lattices of alternating spin up and spin down and wi th an even 
number of site have different properties from those mentioned before. The spin 
configuration repeats immediately when the particle enters its second cycle of 
propagation in the lattice where we define a new cycle as 
1. after the particle has visited all lattice sites in the previous cycle; and 
2. i t arrives at the in i t ia l start ing point r = r{t = 0) again w i th the in i t ia l 
velocity v = v{t = 0). 
We find that Tp = 2 and T^ = 2n for these lattices. Despite of the different 
formulae of Tp and T^, {v) also fluctuates about and becomes exactly \ lattice 
unit length per t ime step at the ends of each Tp and each T^ respectively. 
We use numerical simulation to prove that the particle moving in any n-
site circular lattice, each site has a probabil i ty p冲 of being in i t ia l ly spin up 
in every Tp, can be regarded as moving in a (2n - l )-si te one-dimensional 
lattice, the first n仇 sites (except the first one) have a probabil i ty p邵 of being 
ini t ia l ly spin up whereas the last (n - 1) sites have a probabil i ty (1 - p邵)of 
being in i t ia l ly spin down. After the particle passes through the corresponding 
one-dimensional lattice, {v) is 
Appendix A 
Generating function 
Let X be a random variable taking only nonnegative integer values wi th the 
probability distribution given by [3' 
P{X = j ) = a^, j = 0 , l , 2 , (A. l ) 
The generating function of the random variable X wi th the above probability 
distribution is then given by 
oo 
9{z) = + aiz + a 2 ? - f . . . = ^ ajzK (A.2) 
j=0 
I f the random variables X i , . . . are independent and have 仍 , . • . ,如 as 
their generating functions, then the generating function of the sum . 
is given by the product g i . . . Qn-
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Appendix B 
Discrete and integral transform 











— ^ / ( O e - ' (B.2) 
t 二 At 
‘ o o At-1 _ 
J'=0 t'=0 _ 
「 -
- t'=o _ 
The Inverse Laplace transform of £ { f ( t ) } is found by 
/ ⑴ = s u m of residues of £ at all poles, (B.3) 
which residues R{Q can be found by mult iplying / ⑴ by {t-Q and evaluating 
the result aX t = t。 
邓 — 聊 ) ， （B.4) 
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which should be some constant (neither zero nor inf inity) when t。is a simple 
pole. 
Denote r { f ( r ) } as the Fourier transform of function / ( r ) and we define 
poo 
r { f { r ) } = / (B.5) 
J —00 
The Fourier transform of function / ( r + A r ) 
poo 
r { / ( r + A r ) } = / / ( r + A r ) e - 〜 r 
J —00 
POO 
= / ( r + Ar)e-晰〜 >"〜(r + A r ) 
“ .oc (B.6) 
二 严r / / ( r ' ) e -浙 ' d r , 
J —00 
= 严 厂 { / ( r ' ) } . 
Hence, the discrete Laplace-Fourier transform of a function / ( r , t) is given 
by [1] 
£ {F {Pi{r + Ar,力 + At)}}=产'e么ts (义{厂{尸丄(厂 ^ )}} 一 




Refer to equation 3.35 and equation 3.39, the dispersion of the probability 
functions is determined by the factor jpupPdn in the index of the exponen-
tial function. Besides, the amplitudes of the peak values of Pi and P are 
determined by the factors in the denominators, i.e. i and 
y/jPupPdn y/jPupPdn 
respectively. In figures C. l and C.2 we show the values of the determining 
factors at different values of Pup. 
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Figure C. l : Values of factors de- Figure C.2: Values of factors de-
termining the dispersion of the nor- termining the amplitude of the nor-
mal distribution function in one- mal distribution function in one-
dimensional open-ended lattice at dif- dimensional open-ended lattice at dif-
ferent values of p叩. ferent values of 
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